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O ■ Introduction 
O" 

Let us remind that a pseudo-harmonic function (see [1]) on a closed domain in 
the plain (see [2]) is a continuous function such that in a small open neighbourhood 
of each interior point of the domain it is topologically conjugate to a function 
Re z n + const in a open neighbourhood of zero for a certain nGN. 

In the process of investigation of pseudo-harmonic functions the following prob- 
lem arises. Suppose we have two pseudo-harmonic functions / and g on a same 
closed domain G and all "singularities" of / and g are contained in some "conve- 
nient" subsets R(f) and R(g) of G which are unions of some families of connected 
components of level sets of / and g respectively with Fr G. Suppose that we have 
a homeomorphism $o : R(f) ~~ ^ -R(<?) which complies with the relation go $ = /. 
The question is whether we can extend <3> to a homeomorphism $ : G — > 67, 
| such that g o $ = /. 

In order to construct an extension we have to find a homeomorphism $[/ : U — > 



Q\ \ V such that g o ^ v = f and $u\R(f) = $0 for every connected component U of 

the set G \ R(f) and a connected component V of G \ R(g) which is bounded by 
the set FtV=%(FtU) = %(UnR(f)). 

When a domain G is bounded by a finite number of simple closed curves and 
functions / and g have a finite number of "singular" points both in G and on 
the frontier FrG one could verify that for a "convenient" subset R(f) a closure 
U of every component U of the set G \ R(f) is homeomorphic to a closed 2-disk 
(see [1,3]) and / is "regular" in a sense on U. 

In this article we will discuss the definition and different properties of regular 
functions on a closed 2-disk the most remarkable of which is given by the following 
statement. 

Theorem. Let f and g are regular functions on a closed 2-disk D. 
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Every homeomorphism (po '■ 9D — > 3D of the frontier 3D of D which complies 
with the equality g o {p = f can be extended to a homeomorphism <p : D — > D 
which satisfies the equality g o tp = f . 

1. Weakly regular functions on disk and their properties. 

Let W be a domain in the plane R 2 , / : W — > R be a continuous function. We 
denote 

D 2 = {z | \z\ < 1} , D% = {z | \z\ < 1 and Imz > 0} . 

Definition 1.1. We call Zq G W a regular point of the function f if there exist 
an open neighbourhood U of z and a homeomorphism ip : U — > Int D 2 such 

that <p(zo) = and f o f" 1 ^) = Rez + f(z ) for all z £ Int D 2 . 
U is called a canonical neighbourhood of zq. 

Definition 1.2. Call z 6 FrW a regular boundary point of f if there exist an 
open neighbourhood U in the space W and a homeomorphism ip : U — > D\ such 
that<il>(z ) = 0, j>(U n r\f(z ))) = {0} x [0,1), m^FrW) = (-1,1) x {0} 
and a function f o ip' 1 is strictly monotone on the interval (—1, 1) x {0}. 
A neighbourhood U is called canonical. 

Remark 1.1. It is easy to see that canonical neighbourhood in definitions li.il 
and \l. 6 <A can be chosen arbitrarily small. 

Let D is a closed subset of the plane which is homeomorphic to D 2 . Let us fix 
a bypass direction of a boundary circle Ft D. 

Assume that when we bypass the circle Ft D in the positive direction we con- 
secutively pass through points z±, . . . , Z2 n -i, z-zn f° r some n > 2, and also not 
necessarily z k ^ 2%+i. For every k e {1, . . . , In) we designate by 7^ an arc of the 
circle FtD which originates in z k and ends in either z k+ i when k < In or Z\ if 
k = 2n, so that the movement direction along it coinsides with the bypass direction 
of Ft D. Write \ = j k \ {z k , z k+1 } when k <E {1, . . . , 2n - 1}, 7 2 „ = 72n \ {z 2n , 

Definition 1.3. Assume that for a continuous function f : D — > R there exist 
such n = Af(f) > 2 and a sequence of points zi, . . . , ^2n-i, %in ^ FtD (which 
are passed through in this order when the circle FtD is bypassed in the positive 
direction) that following properties are fulfilled: 

1) every point of a domain Int D = D \ Ft D is a regular point of f ; 

2) 72fe-i 7^ for k G {1, . . . ,n} and every point of an arc %k-i is a regular 
boundary point of f (specifically, the restriction of f onto 72/fc-i is strictly 
monotone); 

3) arcs j2k, k G {l,...,n} are connected components of level curves of the 
function f . 

We call such functions weakly regular on D. 
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Proposition 1.1. Let f is a weakly regular function on D. 

A set Ufc=i 72fc does not contain regular boundary points of f , therefore the num- 
ber Af(f) is well defined and coincides with the number of connected components 
of the set of regular boundary points of f. 

Proof. Let z e FrD is a regular boundary point of /. Denote by T z a connected 
component of level curve of / which contains z. We fix a canonical neighbourhood 
U of z and a homeomorphism ip : U — > from definition 11.21 Then, as it could 
be easily verified, V _1 ({0} x [0, 1)) C T z and ^ ^ -1 ({0} x (0, 1)) CT,n Int £>. 
Therefore it follows from the condition 3 of definition 11.31 that z Ufe=i 72fc- 

Hence, the number of arcs 72^-1, k G {1, . . . ,n} coincides with the number of 
connected components of the set of regular boundary points of /. It depends only 
on / and the number Af(f) is well defined. □ 

Lemma 1.1. Let a function f is weakly regular on D. 

Every connected component of nonempty level set of f is either a point z^k, 
k G {1, . . . ,n} if z 2 k = Z2k+i, or a support of a simple continuous curve 7 : / — > D 
which satisfies to the following properties: 

• endpoints 7(0) and 7(1) belong to distinct arcs 72,7-1 and 72/fc-i, j, k G 
{1, •••,"}, j ^ k; 

• either 7(-0\{7(0), 7(1)} C Int D or 7(f) = 72^ for a certain k G {1, . . . , n}. 

Proof. Assume that cGi complies with the inequality / _1 (c) 7^ 0. Let us con- 
sider a connected component T c of the level set / _1 (c). There are two possibilities. 

1) Let r c H Int D = 0. Then T c = j2k for a certain k G {1, . . . , n}. 

Really, if T c <jt {f k = i 12k then there exists a regular boundary point w G r c . It 
follows from definition 11.21 that a portion of the connected component T c which is 
contained in a canonical neighbourhood of the point w has a nonempty intersection 
with Int D. 

But if T c C IJfe=i 72fc then the statement of lemma follows from property 3 of 
the definition of a weakly regular function on D. 

In the case under consideration the set T c = 72^ is either a single-point or a 
support of a simple continuous curve which endpoints are contained in the sets 
7 2 fc_i and 72^+1 when k G {1, . . . , n - 1} or in 7 2 „-i and 71 if k = n. 

2) Let T c n Int D ^ 0. Then the set T c is a support of a simple continuous 
curve j:I^D, with r c n Fr D = { 7 (0), 7 (1)} C |JLi 72fe-i- 

Let us verify this. 

It follows from the condition 3 of definition 11.31 that r c fl Ft D C Ufc=i72fc-i- 
Therefore by definition all points of r c fl Ft D are regular boundary points of /. 
All remaining points of the set F c belong to Int D and are regular points of /. 

Denote by : (—1, 1) — ► Int D 2 a mapping 

e(s) = (0,s), sG(-l,l). 
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It is clear that 9 is the homeomorphism onto its image. Denote also 

I [0,1) + 

This mapping is obviously also the embedding. 

Let v G Int D R Y c . By definition v is the regular point of /. Let U v and <p v : 
U v — > Int .D 2 are a neighbourhood and a homeomorphism from definition ll.li Then 
¥>i>(/ _1 (/( u ))) = {0} x (-1, 1), therefore ip v (T c ) = {0} x (-1, 1), a mapping o 
ip v = : Q v = F c nU v — > (— 1, 1) is well defined and it maps Q v homeomorphically 
onto (—1,1). By construction the set Q v is an open neighbourhood of v in the 
space T c . 

So, a map (Q v , : Q v — ► (—1, 1)) is associated to every point v G Int D R T c . 

By analogy, if w G T c R Fr D then for its neighbourhood [/ w and a homeomor- 
phism ip w :U W — > D^, which comply with definition 11.21 a set Q w = U w nT c and 
a mapping ^ = 9 _1 o ip w : — >• [0, 1) define a map of the space T c in the point 
w. 

Obviously the set r c with the topology induced from D is a Hausdorff space 
with a countable base. Moreover, every point of this set has a neighbourhood in r c 
which is homeomorphic to the interval (0, 1) or to the halfinterval [0, 1). Hence T c 
is the compact (it is the closed subset of compact D) connected one-dimensional 
manifold with or without boundary. Therefore the space T c is homeomorphic 
either to the circle S 1 or to the segment /. 

Assume that r c = S 1 . Let R C D is a closed domain with the boundary T c . 
All points of Inti? are regular points of /. From definition 11.11 it follows that a 
regular point cannot be a point of local extremum of /. Thus / ^ const on R, 
otherwise every point from Int R should be a point of local extremum of /. 

R is the compact set, so the continuous function / should rich its maximal and 
minimal values on R. Let f(v') = min z& jif(z), f{v") = max ze R f(z) for certain 
f', v" G R. We have allready proved that f(v') ^ f(v"), therefore one of these 
two numbers is distinct from c = /(r c ) and one of the points v', v" is contained 
in Int R, hence it is the point of local extremum of /. Then it cannot be a regular 
point of /. 

From the received contradiction we conclude that T c = J, with a pair of points 
{z (c), Zi(c)} G Ufe=i 72fc-i corresponding to the boundary of the segment and the 
rest points of T c are contained in IntD. By definition the function / is strictly 
monotone on each arc 72fc-i, k G {1, . . . , n}, therefore z (c) G 721-1, z i( c ) £ 72j-i, 
i,j G {l,...,n} and i ^j. □ 

Remark 1.2. From condition 2 of Definition \1.3\ and from Lcmma XlA\ it is seen 
that every level set of a weakly regular function f has a finite number of connected 
components in D. 

Lemma 1.2. Let f is a weakly regular function on D. Then Af(f) = 2. 
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In order to prove this Lemma we need one simple proposition. 

Proposition 1.2. Let g : K — > R is a continuous function on a compact K. 
Then for every c G g{K) and for a basis {U} of neighbourhood of c a family of 
sets {Wi = g~ l (Ui)} forms the base of neighbourhoods of the level set g _1 (c). 

Proof of Proposition IJ.^l Evidently, it is sufficient to prove that there exists at 
least one base of neighbourhoods of c G g{K) full preimages of elements from 
which form a base of neighbourhoods of the level set g _1 (c). 

The space R complies with the first axiom of countability, so we can assume 
that the family {Ui} is countable. 

There exists a countable base {C/j}i<=N of neighbourhoods of c such that 

(1) U i+1 CU t , ieN. 

Really, direct verification shows that the family of sets Ui = Hm=i m e ^ 
satisfies to our condition. 

Suppose that a sequence of sets {Wi = g^ 1 (U i )} does not form a base of neigh- 
bourhoods of g _1 (c). Then there exists such a neighbourhood W of this set that 
the inequality Wi \ W is fulfilled for every % G N. We fix x { G W \ W, i G N. 
From the compactness of K it follows that the sequence {a;j}j g N has a convergent 
subsequence {x^}^. Suppose that x is its limit. Relation (pD) assures us that the 
family of sets {Ui^j^n forms the base of neighbourhoods of c. Therefore, without 
loss of generality we can assume that x = Hindoo Xj. 

On one hand the family {U} is the base of neighbourhoods of c and g(x n ) G U n 
for every n G N. Then it follows from the relation (0Q) that also g(xk) G U n for 
every k > n, n G N. From this and from the continuity of g we get the following 
equalities g(x) = lim^oo g(xi) = c. Hence x G g^{c) C W. 

On the other hand x G {xi \ i G N} and {xi \ i G Njfliy = by the construction. 
Therefore the inclusion x ^ W have to be fulfilled. 

The contradiction obtained proves proposition. □ 

Proof of lemma IJ.^l Let us define for the arc 71 a mapping r : 71 — > Fr D in the 
following way. Let z G 71 and T z C f~ 1 (f(z)) is a connected component of a level 
set of / which contains z. We know (see. Lemma ITTTT) that Y z is a support of a 
simple continuous curve 7^ : / — > D and that z is one of the endpoints of that 
curve. Let for example z = 7*(0). We associate to z another endpoint of the curve 

r{z) = 7,(1), zeji. 

Furthermore we set t{z\) = Z2 n , t(z 2 ) = z 3 . 

Let us check that the mapping r is continuous on 71. 

Suppose first that z G 71. We designate c — f(z). We know that the level set 
/ _1 (c) of / has a finite number of connected components (see Remark fl . 2D . Let 
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this number is equal to I G N. We fix disjoint open neighbourhoods Wi, . . . , Wi of 
these components. Suppose T z C W\. 

It follows from Lemma 11.11 and from the condition 3 of Definition 11.31 that 
t(z) ^ 72fc-i for some k G {2, . . . , n}. Let V' is an open neighbourhood of t(z) in 
D. Without loss of generality we can regard that V D FrD C 7 2 fc_i U 71. Let us 
also take an open neighbourhood V of z in _D such that fl Fr D C 7 X U 72^-1 and 
y n 7^1 C V. 

We fix an open neighbourhood W of the set Y z such that PF fl Fr_D C 1/ U V'. 
For example we can take = V U V U Int D, where Int D = D \ Fr D. Designate 
W = W fl W\. Evidently, inclusions W fl Yi D C V U V are valid, moreover 

H 72fe-i C V by the construction. 

It follows from Proposition 11.21 that there exists such 5 > for the open neigh- 
bourhood O = WU{J l i=2 Wi of the level set /^(c) of / that Q = f-\B s (c)) C O. 
Here we designate -6.5(c) = {£ G R | |£ — c| < 5}. 

Denote Q = <5 D Vo = V D Q . It is evident that z E V and Q nFrD C 
V U V 7 . 

Let 2' 6 71 fl Vo- Sign by T z / a connected component of a level set of / which 
contains zf . Let 7^ : / — > D is a simple continuous curve with the support Y z i 
such that 7 Z '(0) = z' and 7^(1) = t(z'). Observe that T z > C Q C O, moreover 
IV n (Jo 7^ an d the set is connected. Open sets Qo and Q fl lj!=2 ^ are 
disjoint by the construction, so T z > fl lj!=2 Wi = and r z / C Qo- 

It is easy to see that {7^(0), 7^(1)} C (Vq U V) fl Fr_D C •y 1 U 72fc-i, and also 
7z'(0) e 71 . It is evident that / o 7^(0) = / o 7^(1) = f(z'), hence 7^(1) G 7 2fc _i 
(see. LemmaO). But <3 n7 2fc _i C Wn^k-i C V", therefore rfV) = 7*'(1) G V 
and Vq n 7 i C r-^y')- 

From arbitrariness in the choice of z G 71 and of its neighbourhood V it follows 
that the mapping r is continuous on the set 71. 

Suppose now that z = zi or z 2 - In the case when z\ = z 2n (respectively z 2 = z 3 ) 
our previous argument remain true without any changes. 

If the arc 7 2n (respectively 72) does not reduce to a single point then the conti- 
nuity of t in the point z is checked with the help of argument that are analogous 
to what was stated above. The only essential change is that open sets V and V 
should be selected to satisfy correlations (V U V) fl Fr_D C U 72/c-i U 7 2n and 
Vr\j 2 k-i C V (respectively (V'\JV)r\FrD C 7iU7 2fe _iU72 and Vn-f2k-i C V). 
Also a neighbourhood of the set Y z = 7 2n (respectively of T z = 72) should be 
chosen to comply with the inclusion W fl Ft D C V U V U T 2 . For example 
= F U V U Int D U T 2 will fit. 

So, the mapping r : 71 — > Fr D is continuous. Let us explore some its properties. 

The set r(7i) is connected (it is an image of the connected set under continuous 
mapping) and contains points z 2n and Z3. Therefore, it should contain one of the 
arcs of the circle Fr D which connect these points. 
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Each point of the set t(ji) except z 2n and Z3 belongs to Ufc=2 72fc-i- Really, 
as we have observed above if z G 71, then r(^) G 72/fc-i for a certain k 7^ 1 (see. 
Lemma [TTTT) . 

By definition % fl 7j = when i ^ j, therefore 

(2) r(7i) n 71 = . 
If n > 3, then 

(3) 74 n r( 7 i) = . 

This is the consequence of a simple observation that {z 3 , z 2n } fl 74 = when 
n > 3 (see. condition 2 of Definition ll.3p together with the relation r(7i) C 
{z 3 ,2 2n } U U™ =2 7 2fc _i. 

To complete the proof of lemma it remains to notice that if n > 3 then the 
nonempty sets 71 and 74 are contained in different connected components of Fr D \ 
{z 3 , z 2n } and relations ((2|) and ([3]) could not hold at the same time, otherwise points 
z 3 and z 2n would belong to different connected components of the set t(7i). 

Thus, n = Af(f) =2. □ 

Definition 1.4. Let for some n > 2 and for a sequence of points Z\,..., z 2n eFtD 
a function f complies with all conditions of Definition \1.3\ except condition 3, 
instead of which the following condition is valid 

3') for j = 2k, k G {1, . . . , n} the arc 7j belongs to a level set of f . 
We shall call such a function almost weakly regular on D. 

Let / is a weakly regular function on D. We denote by 2 • M{f) the minimal 
number of points and arcs which satisfy to Definition ll.4[ Obviously, this number 
is well defined and depends only on /. 

Proposition 1.3. Suppose that for a certain n > 2 and a sequence of points 



zi,...,z 2n G Ft D function f complies with conditions of Definition [Lj. If n 



J\f(f), then a family of sets {72^-1)^=1 coincides with the family of connected 
components of the set of regular boundary points of f . 

Proof. Let us designate a set of regular boundary points of / by R. The set R is 
open in the space Fr D by definition, therefore its connected components are open 
arcs of the circle Fr D. 

Let us check that R fl Ufe=i 72fc = 0- 

Really, for an arbitrary point z G 72/c there exists its open neighbourhood small 
enough to comply with the inequality U(z) flFr D C 72^, hence from the condition 
3' of Definition 11.41 it follows that U(z) DFtD C f^(z) and a canonical neigh- 
bourhood V(z) C U(z) of z in the sense of Definition 11.21 can not exist (see also 
Remark 11.11) . 

Let us verify that if 72^ fl R 7^ for some k G {1, . . . , n} then 72^ = and 
72fc = {z 2 k}- 
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Let 72/c n R ^ 0. Then j 2 k H i? C {z 2 /c, z ra } = 72fc \ 72fc, where m = 2k + 1 
(mod 2n). But it is easy to see that if ^ 2 k 7^ then for an arbitrary neighbourhood 
U of z 2 k in the space D an intersection U fl 7 2 fc is not empty and contains some 
point z' 7^ z 2 k- Therefore {z 2kl z'} C f^ 1 (f(z)) D U HFi D and £/ can not be a 
canonical neighbourhood of z 2 k in the sense of Definition ll.2[ Similar is also true 
for z m . Consequently, if ^ 2 k 7^ then {z 2 k, z m } D R = and 72^ fl R = 0. 

Let n = M(f). 

Let us check that R fl Ufe=i 72fc = - 

Really, if 72k fl i? 7^ for some G {1, . . . ,n} then z 2 k = z m , m = 2k + 1 
(mod 2n) and 72A; = {^2fc} C R. Then the open arc J 2 k-i U72/C U7 m is contained in 
i? so we can throw off the points z 2 k, z m and replace three consequent arcs 72fc-i, 
72fc, 7m, m = 2k + 1 (mod 2n) by the arc 72/c-i U 72A; U 7 m in order to reduce the 
quantity of points and corresponding arcs in the collection {z±, . . . , z 2n }. But it is 
impossible since the quantity of points 2n is already minimal. 

It is obvious that Fr D = |J™ =1 7 2fc U \Jl =1 72/c+i and \Jl =l 72fc+i Q R, therefore 



and the family {7 2 fc_i}£ =1 of disjoint nonempty connected sets which are open in 
Fr D coincides with the family of connected components of the set R of regular 



Lemma 1.3. If f : D — > R is almost weakly regular on D and M(f) = 2, then f 
is weakly regular on D. 

Proof. If Af(f) = 2, then the frontier Ft D of D consists of four arcs 71, • • • ,74, 
where arcs 71 and 73 are nondegenerate and / is strictly monotone on them. 
On each of the arcs 72 and 74 function / is constant and each of these arcs can 
degenerate into a point. Let 72 C / _1 (c'), 74 C / _1 (c"). From the strict monotony 
of / on 71 we conclude that c" = f{z\) = 7(74) 7^ f(l2) — f( z 2) = c'. Let d < c" 
for definiteness. 

Every interior point of D is regular, hence local extremum points of / can 
be situated only on the frontier FiD. From what we said above it follows that 
f(D) = [c',c"} and every point of the set / _1 (c') U / _1 (c") is a local extremum 
point of / on D. Therefore / _1 (c') U / _1 ( c ") FrD. But f~\c') HFt D = 72 and 
/ _1 (c") fl Ft D = 74. Consequently / _1 (c') = 72, /~ 1 (c") = 74 and / is weakly 
regular onD. □ 

Remark 1.3. There exist almost weakly regular on D functions with Af(f) > 2, 
see FigureUl 

2. On level sets of weakly regular functions on the square J 2 . 
Let W be a domain in the plane R 2 , / : W — > K be a continuous function. 



71 




k=l 



boundary points of /. 



□ 
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z 6 = z 7 




zio — Z\ 

FIGURE 1. An almost weakly regular on D function / with Af(f) = 
5. w G 79 is a regular boundary point of /. 

Definition 2.1. A simple continuous curve 7 : [0, 1] — > W is called an U- 
trajectory if f o 7 is strongly monotone on the segment [0, 1]. 

We designate /=[fl,l],J 2 = /x/Cl 2 ,J 2 = Int I 2 = (0, 1) x (0, 1). 
Let us consider a continuous function / : I 2 — > R which complies with the 
following properties: 

• /([0,l]x{0}) = 0, /([0,1]x{1}) = 1; 

• each point of the set I 2 is a regular point of /; 

• every point of {0, 1} x (0, 1) is a regular boundary point of /; 

• for any point of a dense subset T of (0,1) x {0,1} there exists an U- 
trajectory which goes through this point. 

Proposition 2.1. Function f is weakly regular on the square I 2 . 

Proof. We take Z\ = (1,0), z 2 = (1, 1), z 3 = (0, 1), z 4 = (0,0). It is obvious that 
/ is almost weakly regular on I 2 for this sequence of points and that Af(f) = 2. 
Then as a consequence of Lemma fOl this function is weakly regular on the square 
I 2 . □ 

Corollary 2.1. f(z) G (0, 1) for all z G I x (0, 1). Moreover 

• for every c G (0,1) level set / _1 (c) is a support of a simple continuous 
curve Cc : I -> I 2 such that ( c {0) G {0} x (0,1), ( C {1) G {1} x (0,1), 
{ c (t) G I 2 Vt G (0, 1); 

• level sets / _1 (0) = I x {0} and / _1 (1) — I x {1} are supports of simple 
continuous curves. 

Proof. This statement follows from Lemma 11.11 □ 
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Lemma 2.1. Let v G I 2 . For every e > there exists 8 > to satisfy the following 
property: 

(ELC) if a set / (c) is support of a simple continuous curve ( c : / — > I 2 for a 
certain c G (0, 1) and Cc( s i), Cc( s 2) £ Us(v) — {z \ \z — v \ < 5} for some 
Si, S2 G I, Si < S2, then ( c (t) G U £ {v) for all t G [si, S2]. 

Remark 2.1. Fulfillment of the (ELC) condition is an analog of so called equi- 
locally-connectedness of a family of level sets of f in a point v G I 2 (see [4]). 

Proof. Let contrary to Lemma statement there exist e > 0, a sequence {dj} of 

function / values, a family {Q} of simple Jordan curves with supports 

and also sequences {s'j}, {s"} and {tj} of parameter values, such that correlations 



We shall denote uj. = Q(s'j), v'! = (j(s"), wj = Q(rj), j G N. 

From the compactness of square it follows that the sequence {vjj} has at least 
one limit point. Going over to a subsequence we can assume that this sequence is 
convergent. Let its limit is w. The continuity of / implies 



Let us fix a simple continuous curve Q '■ I — ► I 2 with the support / -1 (<i). Then 
v = (d( s )> w — Cd( T ) for certain values of parameter s, r G I, s 7^ r. 
We consider the following possibilities. 

Case 1. Let d $ {0,1}. 

We fix t G / such that one of pairs of inequalities s < t < t or r < t < s 
holds true. Designate z = Cd(^o)- We note that it follows that t £ {0, 1} from 
the choice of to, therefore Corollary 12.11 implies inequality z {0, 1} x J, which 
in turn has as a consequence inclusion z G I 2 = Int I 2 . 



Definition 1 1 . II implies that for a certain a > through zq passes an ^/-trajectory 



70 : / -> I 2 such that 7o (0) G f~ x {d - a), 7o (l) G f~\d + a), 7o (l/2) = z . 



Moreover, if necessary we can decrease a as much that the curve 7 o will not 
intersect lateral sides of the square I 2 . 

Let us consider a curvilinear quadrangle J bounded by Jordan curves Cd-a — 



f-\d - a), ( d+a = f-\d + a), r] = f-\[d - a,d + a]) n ({0} x J), Vl = 



/ _1 ([<i — a, d + a\) fl ({1} x I). It is clear that this quadrangle is homeomorphic 
to closed disk. 

Ends Cd(0) an d Cd(l) °f the Jordan curve Cd are contained in lateral sides of 
J, namely O(0) G ?7o, Cd(l) e Vi ( see Corollary 12.11) . From the other side by 



hold true 



7 • ■ 7 V j G N , 
hm C,(4) = lim Ci«) = « : 
dist(C j (r j ),v)>e Vj'gN. 



d = lim d,- = lim f{Q{rj)) = f(w) = f(v) . 

1— >oo i— >oo 
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construction the curve 70 is a cut of the quadrangle J between the points 70 (0) G 
Cd-a and 7o(l) G Cd+a which are contained in its bottom and top side respectively. 

From what we said above it follows that the set J \ 70 (-0 has two connected 
components Jo and J±, moreover rjo and rji are contained in different components. 
Let 770 C J , rfiQ J x . 

It is obvious that 70 (-0 r\Q(I) = {z } = {(d(to)}- Hence points v and w belong 
to different components of J \ 70 (/) . 

Really, if s < t < r then ( d ([0, s]) C J , ( d {[r, 1]) C J u because Cd([0,s]), 
C<i([t, 1]) C J \ 7o(-0, these sets are connected and inequalities are fulfilled 7^ 
Cd([0, s]) n J 3 (d(0), ± Cd([r, 1]) n Ji 9 &(!)■ By analogy, if r < t < s then 
Cd([0,r])C J andO([s,l])C J,. 

Let V and W are open neighbourhoods of the points v and w respectively, and 
one of these sets does not intersect Jo, the other has an empty intersection with J\. 
Existence of such neighbourhoods is a consequence from the following argument: 
if for a certain m G {0, 1} the point z does not belong neither to the set J m , nor 
to the curve 70, then z G Int (M 2 \ J m ) since J m = J m U 70 (^) ■ 

So, one of the sets Vq — V D J, PVo = W fl J belongs to Jo, other is contained 
in J\. 

Fix so big k G N that v' k , v' k ' e V, w k e W, d k e (d - a,d+ a). Then v' k , v k , 
Wk G Ck(I) — f 1 ^) C J and t^, f^,' G Vo, tffc G VFo- Thus the ends of both simple 
continuous curves Ck([s' k , Tk\) and Cfc([ r fc, s 'k\) are contained in different connected 
components of J \ 7o- Therefore there exist t' G (s' fc ,r fe ), t" G ij k ,s k ) such that 

a(t'),a(ne 7 o(/). 

By construction we have Ck(t') 7^ Ck(t"), but this is impossible since the arc 70 
is [/-trajectory and should intersect a level set / _1 (cifc) = CfcCO n °t more than in 
one point. This brings us to the contradiction with our initial assumptions and 
proves Lemma in the case 1. 

Case 2. Let d G {0, 1}. 

Obviously, Cf(-0 i s a connected component of the set / x {0, 1}. Therefore the 
set T fl Cd(I) is dense in Cd(I)- Mapping Q is homeomorphism onto its image, 
hence the set T' = C ( ^ 1 (r fl Cd(I)) is dense in segment. We fix t G V such that one 
of the following pairs of inequalities s < t < r or r < t < s is fulfilled. Denote 

= Cd(to)- By the choice of to there exists a [/-trajectory which passes through 

Zq. 

Further on this case is considered by analogy with case 1 with evident changes. 

□ 

Let us recall one important definition (see [5,6]). Let a, (5 : I — > M? be contin- 
uous curves. We designate by Aut + (I) a set of all orientation preserving home- 
omorphisms of the segment onto itself. For every H G Aut+(I) {H(Q) = 0) we 
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sign 



D(H) = maxdist(a(t),/3 o H(t)) 



Definition 2.2. Value 

d3StAat,P)= inf D(H) 

HeAut + (I) 

is called a Frechet distance between curves a and j3. 

For every value c G / of a function / we can fix a parametrization ( c : I — > M 2 
of the level set f~ l (c) in such way that an inclusion Cc(0) G {0} x I holds true 
(see Corollary 12. ip . The following statement is valid. 

Lemma 2.2. Let cel. For every e > there exists 5 > suc/i £/m£ dist^(C C) (d) < 
e when \c — d\ < 5. 

Proof. Let c G J, ( c : I — > J 2 is a simple continuous curve with a support / _1 (c). 
Let e > is given. 

Let us find for every t G I a number <5(t) > which satisfies Lemma |2"7H for a 
point Q(t) and e = e/2. 

We consider two possibilities. 

Case 1. Let c G (0, 1). It is clear that for every t G I there exists a neighbour- 
hood U(t) of Cc(^) which complies with the following conditions: 

• U(t)CU s{t) (( c (t)); 

• U(t) is a canonical neighbourhood from Definition 11.11 when t G (0,1) or 
from Definition O] for t G {0, 1}. 

Let a family of sets 

U = U(0), U x = Ufa), . . . , C/ n _ x = E7(t„_i), C/ n = , 

forms a finite subcovering of a covering {U(t)} t £i of the compact / _1 (c). 

We denote Z{ = Ccfa), J% — (c 1 ^ ^ / _1 ( c ))) i G {0, . . . ,n}. By construction 
a family of sets {Jj}" =0 is a covering of I. From Definitions 11.11 and 11.21 it follows 
that 

Jo = [0,1), J„ = (0,1]; J = (0,1), ie{l,...,n-l}. 

If necessary we decrease neighbourhoods U as much that on one hand they 
remain canonical and form a covering of / _1 (c) as before, on the other hand no 
two different intervals from the family {Jj}" =0 should have a common endpoint. 

It is straightforward that there exists a finite sequence of numbers = r < 
T\ < . . . < T m _i < r m — 1, which satisfies a condition: 

• for every k G {l,...,m} there exists i(k) G {0, ...,n} such that Tk-i, 

T~k G Jj(fc). 
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We fix such a family {t*;}^ and denote by 6 : {1, . . . , m} — > {0, . . . , n} a mapping 
6 : k \— > i{k). We also designate w k = Cc(Tfc), k G {0, . . . , m}. 

From Definitions 11.11 and 11.21 it follows that through every point w k , k G 
{0,...,m} passes an [/-trajectory ^ k : / — > I 2 which complies with inequali- 
ties / o 7^(0) < c < f o 7&(1). We can also assume that 70 (-0 C {0} x I and 
7m(I) C {1} x I (see Definition II .21 ). If necessary we decrease these [/-trajectories 
as much that they should be pairwise disjoint and for every k G {0, . . . , m} rela- 
tions 7fc_i(I), 7fc(/) C f/g(fc) should hold true (that can be done since the curves 
7fc are continuous and by construction inclusions Wk-i, w k G Uqqa are valid). Let 
us designate 

5= min min(|/ o 7fc (0) - c|, |/ o 7fc (l) - c |) . 

fce{0,...,m} 

Suppose that an inequality |c — d| < 5 holds true. Then by construction a 
simple continuous curve (d I — > / 2 with the support f~ l (d) must intersect every 
[/-trajectory 7^ in a single point wf. Denote = C^ 1 (u'fc), G {0, . . . , m}. 

By choice of parameterization of curves ( c and Q we have ( c (j), (d(j) G {j} x /, 
j = 0, 1. Therefore u;^ G j k (I) when = or m, and Tq = 0, = 1. 

We designate K = [min(c, d), max(c, d)]. Let us consider a curvilinear quad- 
rangle R bounded by curves ( c , 7o(-0 H f~ x {K), Q, 7m(-0 H f~ x (K). Curves 
7fc(/) H f~ x (K), k G {1, . . . , m — 1} form cuts of this quadrangle between top and 
bottom sides and are pairwise disjoint. The straightforward consequence of this 
fact is that corresponding endpoints {w k } and {wf} of these cuts are similarly 
ordered on the curves ( c and Q. Therefore 

= r d < t( < . . . < T d m _ x < r d m = 1 . 

Let a mapping H : I —* I translates r k to t£ for every k and a segment [r k -i, Tfe] 
linearly maps onto [t^_ 1( t^], G {1, . . . , m}. It is clear that H G Aut + (J). 

Let us estimate the value of D(H). By construction for every k G {1, . . . ,m} 
we have 

Wk-u w k, v4-n wl G U e(k) , 
therefore, it follows from the choice of neighbourhood Ue(k) of the point ze( k ) and 
from Lemma [2.11 that 

U[rk-uT k }),(d{[rti,rt]) C U e/2 {ze (k) ) 

and for every i G [r^-i, Tfc] an inequality dist((c(£), (d < £ holds true. 

From what was said above we make a consequence that 

distjr(C c , Cd) < D(H) = max max dist(C c (t), ( d a H(t)) < £ , 

fce{i,...,m} te[r k _ 1 ,T k ] 

if |c - d\ < 5. 

Case 2. Let c G {0, 1}. In this case proof mainly repeats argument of the 
previous case with the following changes. 
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We know already that a set T' = C<T 1 (r H Cc(-O) is dense in segment (see the 
proof of Lemma I2TTT) . Moreover, every point of the set {0, 1} x (0, 1) is a regular 
boundary point of /. Therefore, on each of lateral sides of the square / is strongly 
monotone, hence both of lateral sides of the square are supports of ^/-trajectories, 
and 0, 1 G r. 

The set Ce(-0 m the case under consideration is the linear segment, so we can 
select a covering {U{t)} teI from the following reason: 

• U(t) = U m (Cc(t)) fort = 0,1; 

• U{t) = U 5 , {t) (( c (t)), where 5'(t) < min(5,t, l-t) when t G (0, 1). 

After the choice of numbers = r < t\ < . . . < r m = 1 is done, we can with 
the help of small perturbations of r±, . . . , r m _i achieve that {r , . . . , r m } C T' and 
a family {r^} keeps its properties (see case 1). Then for every k G {0, ...,m} 
there exists an [/-trajectory which passes through Cc(Tfc)- 

Subsequent proof repeats the argument of case 1. □ 

Let us remind several important definitions. 

Let A : / — > M 2 is a continuous curve. For every n G N we designate by S n (X) 
a set of all sequences (pi G A(J))£= of the length n + 1, such that Pi = A(tj), 
i — 0, . . . , n, and inequalities t < t 1 < . . . < t n hold true. Denote 

d(p ,...,p n )= min dist(pi_i,pj) . 

1=1,..., n 

Definition 2.3 (see [5,6]). Let A : I — > M. 2 be a continuous curve, 

/i„(A) = sup d(p Q ,...,p n ), nGN. 

(po,.-->Pn)eS„(A) 

A value 

, _ \- /^n(A) 

nGN 

«5 ca//ed /i-length o/A. 

Let again A : I — > M. 2 is a continuous curve. We consider a family of continuous 
curves A t : I — > M 2 , A 4 (r) = A(tr), t G I. Let = yUA 4 , t G /, is a /i-length of 
the curve A from to t. It is known that fi continuously and monotonically maps 
/ onto [0, fi\\. It is found that for an arbitrary continuous curve A and for every 
c G [0, fi\] a set A(/i -1 (c)) is singleton. Hence a mapping r\ : [0, fix] —* A(J) C M 2 , 
ta(c) = A(/i _1 (c)), is well defined. It is known also that this mapping is continuous. 

Definition 2.4 (see [6]). A curve r\ is called a /i-parameterization o/A. 

We say that a continuous curve r] : / — > M 2 is derived from a continuous curve 
A : / — * M 2 if there exists such a continuous nondecreasing surjective mapping 
u : / — > I that T](t) = A o w(t), t G /. It is known that an arbitrary curve A 
is derived from its /i-parameterization r A (see [6]). Therefore, if A is a simple 
continuous curve, then r\ is also a simple continuous curve. 
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Definition 2.5 (see [6]). Class of curves is a family of all continuous curves with 
the same \i-parameterization. 

It turns out (see [6]) that the Frechet distance between curves does not change 
when we replace curves to other representatives of their class of curves. Conse- 
quently Frechet distance is well defined on the set of all classes of curves. Moreover 
it is known that Frechet distance is the distance function on this set. We shall 
denote metric space of classes of curves with the Frechet distance by A4(R 2 ). 

We consider a set R C M(R 2 ) x R, 

R= IJ {(A,r)|re [0,// A ]}, 

AeA1(K 2 ) 

and a correspondence q : R — > R 2 , 

q(\,r) = r A (r), (\,r)eR, 

which maps a pair (A, r) to a point of the curve A such that /z-length of A from 
A(0) to this point equals r. It is known (see [6]) that the mapping q is continuous. 
This allows us to prove following. 

Lemma 2.3. Let ip : I —> Ai(R 2 ) be a continuous mapping such that AV(t) > 
for every t E I. 

Then a map $ : I 2 -> R 2 , 

$(r, t) = r v ( t )(^( t ) • r) , (r, t) G I 2 , 

is continuous and for any t & I correlation $(/ x {t}) = ip(t)(I) holds true. 

Before we begin to prove Lemma we will check following statement. 

Proposition 2.2. Let [a, b] C R and a, (5 : [a, b] — > M be such continuous functions 
that a(x) < f3(x) for every x G [a, b}. Let 

K = {{x,y) eR 2 \xe [a,b],y e [a{x), (3{x)]} . 

Then a mapping G : [a,b] x I — > K , 

G(x, t) = (x, tp(x) + (1 - t)a(x)) 

is homeomorphism. 

Proof. We shall consider G as a mapping [a, b] x / — > R 2 . 

It is known (see [7]) that a mapping $ : X — > f| Q F a is continuous iff a coordinate 
mapping pr Q o$ : X — > y a is continuous for every a. 

It is easy to see that coordinate mappings pr : oG : (x, t) i— > rr and pr 2 oG(x, i) = 
t(3(x) + (1 — i)a(x), (x, G [a, 6] x J, are continuous since they both can be rep- 
resented as compositions of continuous mappings. Therefore G is also continuous. 

The mapping G is injective. It transforms linearly every segment {x} x / onto 
a segment {x} x [a(x), (3{x)]. It is clear that the subspace K of the plane R 2 is 
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Hausdorff and G([a, b] x I) = K. The space [a, b] x I is compact, therefore G is 
homeomorphism onto its image K. □ 

Proof of lemma \2.<K Let us consider a set 

eel 

and a mapping ^ = ip x Id : K — > Rc M(R 2 ) x R, 

y{c,T) = {<f{c),T), { C ,T)eK. 

It is clear that this mapping is continuous since both projections pr\ = <p and 
pr 2 = Id are continuous. 

We consider also a continuous mapping 6 = q o : K — > M 2 , 9(c, r) = r v ( c )(r), 
(c, r) E K. Obviously, following equalities hold true 

6({c} x [0,^ (c) ]) = 7> (c) ([0,/i^ (c) ]) = (f(c)(I) . 

We denote a(t) = 0, (3{t) = ju^t), t G I. It is known (see [6]) that a function 
which associates to a continuous curve A its //-length /ia is continuous on the 
space A4(R 2 ), therefore functions a and (5 are continuous. Moreover, a(t) < (3{t) 
for every t G / by condition of Lemma. We apply Proposition 12.21 to K and 
get a homeomorphism G : I 2 — > K, G(t,r) = (t, ■ r), (t, r) G J 2 such that 
G({t} x I) = {t} x [0,/i v(c )] for all i G J. 

Let us consider also a homeomorphism T : I 2 — > I 2 , T(x,y) = (y,x), (x,y) G I 2 
and a continuous mapping $ = floGoT:/ 2 ^l 2 , 

$(r, t) = o (?(t, r) = 0(t, /^(t) • r) = r v(t) (^ w ■ r) , (r, t) G I 2 . 

This mapping complies with the equalities 

$(J x {*}) = o x /) = 6({t} x [0, = <p(t)(t) . 

Lemma is proved. □ 

3. Rectification of foliations on disk which are induced by 

regular functions. 

What we said above allows us to prove the following theorem. 

Theorem 3.1. Let a continuous function f : I 2 — > R complies with the following 
conditions: 

• /([0, 1] x {0}) = 0, /([0, 1] x {1}) = 1; 

• ewer?/ pomi o/ i/ie sei I 2 is a regular point of f; 

• all points of a set {0, 1} x (0, 1) are regular boundary points of f ; 

• through any point of a subset T dense in (0, 1) x {0, 1} passes a U -trajectory. 

Then there exists a homeomorphism Hf : I 2 — > I 2 such that Hf(z) = z for all 
z E I x {0, 1} and f o Hf(x, y) = y for every (x, y) G I 2 . 
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Proof. For every value c G / of the function / we fix a parameterization ( c : I — > M. 2 
of the level curve / _1 (c) to satisfy equalities Cc(0) G {0} x 7 (see Corollary 12.11) . 

We consider a mapping ip : I — > .M(IR 2 ), </?(c) = Cc 5 c G J. From Lemma [2721 
it follows that this map is continuous. Moreover, it is known (see [6]) that for 
every continuous curve A an inequality fix > (diam A(/))/2 holds true. Therefore 
/i£ c > for every c G / and <p complies with the condition of Lemma 12.31 

Let $ : I 2 — > M 2 , $(r, t) = r^ t (fjL^ t ■ r), (r, t) G J 2 is a continuous mapping from 
Lemma [2.31 Then 

$(/ 2 ) = |J $(J X {C}) = |J Ce(J) = u r 1 ^ = I 2 . 
ceJ ce/ eel 

For every simple continuous curve ( c , c & I, its /i-parametrization r^ c is a simple 
continuous curve, so for every c G / a mapping 

$1 ;/x{c}^C C (/) 
I /x{c} 

is injective. More than that, when c ^ d we obviously have 

$(J x { C }) n $(J x {d}) = c(J) n c(J) = r x (c) n r\d) = . 

Therefore $ is injective mapping. It is known that a continuous injective mapping 
of compact into a Hausdorff space is a homeomorphism onto its image, hence 
$ : I 2 —>■ I 2 is homeomorphism. 

Let us denote Hf = $. It is obvious that Hf(x,y) G C2/OO an d C2/OO = 
so / o Hf(x, y) = y for all (x, y) G J 2 . 

It is straightforward that if a support of a continuous curve A : / — * M 2 is a 
linear segment of the length s, then /i n (A) = s/n, nGff, 

ua = — — s ■ s , s = — , 

p ^ n2™ ^ n2™ ' 

and r A : [0, n\] — > A(J) maps a segment [0, /i^] = [0, s ■ S] linearly onto A(J). 
Consequently 

J ff / (r,0) = $(r,0) = r ?o (/i Co -r) = (r,0), 
H f (r, 1) = $(r, 1) = r Cl (// Cl • r) = (r, 1) , r G / . 

So, H f (z) = z for all z G / x {0, 1}. □ 

Corollary 3.1. Ze£ a continuous function f : J 2 — > K. complies with all conditions 
of Theorem \3.1\ except the first one, instead of which the following condition is 
fulfilled: 

. /([0, 1] x {0}) = /o, /([0, 1] x {1}) = /! /or certain f , h eR,f ^fi. 

Then there exists a homeomorphism Hf : I 2 — > I 2 such that Hf(z) = z for all 
z E I x {0,1} and f o H f (x, y) = (1 - y)f + yf x for every (x, y) G I 2 . 
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Proof. Let us consider a homeomorphism h : R 

t-fa 



hit) 



fi — fo 

An inverse mapping h^ 1 : R — > R is given by a relation h~ l (r) = (fi — f )r + /o = 
r/ 1 + (l-r)/ Q . 

It is clear that a function / = ho f satisfies condition of Theorem 13.11 Therefore 
there exists a homeomorphism Hf : I 2 — > I 2 which fixes top and bottom sides of 
the square and such that / o Hj(x,y) = y, (x,y) G I 2 . Then / o Hj(x,y) = 
h- 1 o f o Hf(x,y) = h~ 1 (y) = yfi + (1 - y)/ , (x,y) G I 2 and the mapping 
Hf = Hj complies with the condition of Corollary. □ 

We shall need the following lemma. 

Lemma 3.1. Let [a,b] G R and a, (3 : [a, b] — > R are such continuous functions 
that a(t) < (3{t) for every t G [a, b]. Let 

K = {(x,y)eR 2 \ye[a,b],xe [a{y),P(y))} , 

K = {(x,y)eR 2 \ye(a,b),xe (a(y), /%))} . 

Suppose that a continuous function f : K — > R satisfies following conditions: 

• f([a(a),P(a)} x {a}) = / 0j /([a(6), /?(&)] x {6}) = ^ for some f ± f x ; 

• every point of the set K is regular point of f ; 

• all points of the set {(x, y) \y G (a, b), x G {(%(y), f3(y)}} are regular bound- 
ary points of f; 

• through any point of a set T dense in ((a (a), (3(a)) x {a}) U ( (a (&), /?(&)) x 
{&}) passes an U -trajectory. 

Then there exists a homeomorphism Hf : K ^ K such that Hf(z) = z for all 
z G ([a(a),/3(a)] x {a}) U ([a(6), /3(b)) x {6}) and 

/ o H f (x, y) = ((b - y)f + (y- a)h)/(b - a) 

for every (x,y) G K. 

Proof. Let T : I 2 — > J 2 , T(x,y) = (y,x), (x,y) G R 2 . Let us designate by pr l7 
pr 2 : R 2 — > R projections on corresponding coordinates. 

We consider a set K T = {(x,y) \ T(x,y) G K} and use Proposition 12.21 to map 
it onto a rectangle [a, b] x I with the help of a homeomorphism G. Note that on 
construction pi 1 oG(x,y) = x, (x,y) G K T . 

Let us examine a homeomorphism G = ToGoT: K^Ix [a,b] and a linear 
homeomorphism L : / x [a, b] — > J 2 , y) = (x, (y — a)/(b — a)), (x,y) G J x [a, &]. 
Denote F = L o G : K ^ I 2 . Clearly F is homeomorphism. It is easy to see that 
pr 2 oG(x, y) = y, (x,y) G K, hence pr 2 oF(x, y) = (y — a)/(b — a) for every 
(x,y) G K. 

Consider a continuous function / = / o F _1 : J 2 — > R. A straightforward 
verification shows that / complies with condition of Corollary 13. 11 therefore there 
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exists a homeomorphism Hi : I 2 — > I 2 which is identity on the set I x {0, 1} and 
such that / o Hf(x, y) = fiy + / (1 - y) for all (x, y) G I 2 . 

Let us denote Hf = F^ 1 o Hj o F : K — > K. It is easy to see that 

F(([a{a),(3{a)] x {a}) U ([«(&),/?(&)] x {6})) = / x {0, 1} , 

therefore form Corollary EH] it follows that Hf(z) = F^oH joF(z) = F~ 1 oF(z) = 
z for every z G ([a (a), /3(a)] x {a}) U ([a(6), /3(6)] x {6}). 

Moreover, for every (x, y) G -ft" we have / o Hf(x,y) = f o F -1 o o F(x, y) = 
foHfoF(x,y) = fxT+f (l-r), where r = pr 2 oF(x, = (y-a)/(b-a). Taking 
into account an equality 1 — r = (b — y)/(b — a), finally we obtain 

/of/ J (x, i/ )= te - o)/ ;+f 6 -^ , 

Q. E. D. □ 

Let us introduce following notation: a_ = (—1,0), a + = (1,0), 

D 2 + — \z | \z\ < 1 and Jm^; > 0} , = {2; | \z\ < 1 and Imz > 0} , 

5+ = {z I |z| = 1 and Imz > 0} , S + = S + \ {a_, a + } . 

2 

Theorem 3.2. Let a continuous function f : _D + — > M. complies with conditions: 

• every point of the set D 2 ^ is a regular point of f ; 

• a certain point v G S+ is local maximum of f , all the rest points of S + are 
regular boundary points of f ; 

•/([-l,l]x{0})=0, f{v) = l; 

• through every point of a set Y which is dense in (0, 1) x {0, 1} passes an 
U -trajectory. 

2 2 

Then there exists a homeomorphism Hf : D + — > D + such that Hf(z) = z for 
all z G [—1, 1] x {0} and f o Hf(x, y) = y for every (x, y) G D + C M 2 . 

Proof. We designate by 7_ and 7+ close arcs which are contained in S + and join 
with v points a_ and a + respectively. Let 7_ = 7_ \ {a_, v } and 7+ = 7+ \ {a + , v} 
are corresponding open arcs. It is clear that on each of the arcs 7_ and 7+ function 
/ changes strictly monotonously from to 1. 

2 

Similarly to Proposition 12.11 we prove that / is weakly regular on D + . Like in 
Corollary O from this follows that f(z) G (0, 1) for all z G Z)+ \ (([-1, 1] x {0}) U 
{v}) and for every c G (0, 1) a level set / _1 (c) is a support of a simple continuous 
curve Cc : I -> with ( c (0) G 7_, ( c (i) G 7+ and ( c (t) G I) 2 when t G (0, 1). 

We apply Proposition 11.21 to a level set / _1 (1) = {f} and find an increasing 

sequence of numbers = Co < c\ < C2 < ■ ■ ■ < 1, lim^oo ct = 1, which satisfies 

the following requirement: f~ l (c) C U\/k{v) for all c > Ck, k G N. Here U £ (v) = 
2 

{z G D + I dist(z, v) < e} is a ^-neighbourhood of v. 
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FIGURE 2. A homeomorphism $ fc : J k — > J fe 

Let Cfc = Cc fc : -f - * -D+ be simple continuous curves with supports / (c^), 
kN. Let also Co : I -> / -1 (0) = [-1, 1] x {0} C /(t) = (2t - 1,0). We 
denote a k i = Cfc(0) G 7_, a+ = Cfc(D G 7+ (see above), a°_ = a_, a° = a + . 

Let 7^ : J — >■ 7_, G N, be simple continuous curves such that 7*(0) = at_, 
7*(1) = a fe+1 . By analogy we fix simple continuous curves 7+ : I — > 7+ such that 
7^(0) = o*. t*(1) = a* +1 . 

We also designate 6 fc = (— y/\ - c 2 k , c k ), b k + = (a/1 - c|, c fc ) G S+, A; > 0. 

For every fc > we fix three continuous injective mappings (p k : Cfc CD ~~ > 



- A /T^4, A /T^4j x {c k }, ij k _ : 7 -(D S + and : 7+C0 ~> S'+ s which 
satisfy requirements: ^(0) = ^(0) = 6 fe , ^(1) = ^+(0) = V-(D = &- + \ 
^* (1) = We can regard that <p = id : [-1, 1] x {0} -> [-1, 1] x {0} is an 

identity mapping. 

Let us consider following simple continuous curves 



-Jl-cl,Jl-ct 



x {c k } C D 2 



+ ' 



Tj* = tp k o 7^ , r] k + = %l) k + o 7^ : J — ► S + , fc > . 
Let Jfc be a curvilinear rectangle bounded by curves 7*, Cfc) 7+ an d Cfc+i? an d 



I k = {(x,y) I y G [c fc ,Cfc+i],x G -a/1 - y 2 , a/1 - y 2 I be a curvilinear rectangle 
bounded by curves rj k , 77* and £k+i- It is straightforward that the mappings 
ip 1 !, <^fci ^+ an d V^fc+i induce a homeomorphism $° : <9Jfc — ► <9-ffc of a boundary dJ k 
of the set Jfc onto a boundary <9ifc of I k , moreover on the set Cfc(D = dJ k _\ fl dJ k 
mappings & k _ 1 and $° coincide for every k G N. 

We use theorem of Shoenflies (see [8, 9]) and for every k > continue the 
mapping $° to a homeomorphism $ k : Jfc — >■ I& (see Figure [2|). Remark that by 
construction homeomorphisms $fc_i and coincide on a set Cfc(D = Jk-i H Jfc 
for all fc G N. 

For every > we consider a function / o $ / 7 1 : I k — > R. A straightforward 
verification shows that this functions complies with the condition of Lemma 13.11 
with fo = c k and fi = c k+ \. Therefore there exists a homeomorphism H k : If. — > I k 
which is an identity on a set £fe(D U Cfc+i(D an d such that 

/o$ fc oH k (x,y) = =3/, ye/*. 

Cfc+1 — Cfc 
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It is obvious that by construction homeomorphisms 3> fc _! ° H k _i and § k 1 o H k 
coinside on the set = I k -i H for every fc G N. Therefore we can define a 

2 2 

mapping Hf : L> + — ► D + , 



^ k loH k(x,y), if y e [c fc , c fc+ i] ; 

if (x, = (0,1) 



and by construction it satisfies the relation / o Hf(x,y) = y, (x,y) E D + . 

It is easy to see that this mapping is bijective. Moreover Hf(z) = <Pq (z) = z 

2 

when z E [—1,1] X {0}. The set D + is compact, so for completion of the proof it 
is sufficient to verify continuity of Hf. 

Let us consider the set D + = D + \ {(0,1)} and its covering {Ik}k>o- This 
covering is locally finite and close, so it is fundamental (see [7]). Moreover by 
construction all mappings Hf\i k = Q^ 1 o H k are continuous. Consequently, the 
mapping Hf is also continuous on D + . 

In order to prove the continuity of Hf in the point (0, 1) we observe that a 
family of sets 

W k = {(x,y) ED 2 + \y> c k } = {(x,y) eD\\ f o H f (x, y) > c k } , k E N , 

forms the base of neighbourhoods of (0, 1). We sign 

V k = H f (W k ) = {(x, y) E T> 2 + | f(x, y)>c k }, k EN . 

According to the choice of numbers {cfc}fc>o for every c > c k the inequality 
f-\c) C U 1/k {v) holds true, k E N. So 

V k CU 1/k {v), kEN. 

A family of sets {Uy k (v)} ke ^ forms the base of neighbourhoods of v = Hf(0, 1) 
and for every kEN the inequality Hj (Uy k (v )) 3 W k = H^iVk) is valid. 
Consequently, the mapping Hf is continuous in (0, 1), and hence it is continuous 

2 

on D + . 

Q. E. D. □ 

Similarly to 13.11 the following statement is proved. 

2 

Corollary 3.2. Assume that a continuous function f : D + — > R complies with 
the requirements: 

• every point of the set is a regular point of f ; 

• a certain point v E S + is a local extremum of f , all the rest points of S + 
are regular boundary points of f ; 

• /([-l, 1] x {0}) = f , f(v) = h for some f , h ER,f ^ h; 

• through every point of a set T, which is dense in (0, 1) x {0, 1}, passes an 
U -trajectory. 
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2 2 

Then there exists a homeomorphism Hf : D + — > D + such that Hf(z) = z for 

2 

allz G [-1,1] x {0} and f o H f (x,y) = (l-y)fo + yfi for every (x,y) G D + . 

Corollary 3.3. Let a continuous function f : D 2 — > R satisfies the conditions: 

• every point of the set Int D 2 is a regular point of f ; 

• certain points v + ,V- G S = Ft D 2 are local maximum and minimum of f 
respectively; all other points of S are regular boundary points of f ; 

Then there exists a homeomorphism Hf : D 2 — > D 2 such that 

Proof. Similarly to Proposition ^. H it is proved that the function / is weakly regular 
on D 2 . 

Let 71, 72 = {f-}, 73 and 74 = {v + } be the arcs from Definition II .31 By analogy 
with Corollary ETT] it is proved that f(z) G (f(vJ), f(v + )) for all z G D 2 \ {v + , t>_}, 
and also for each c G (f(v-),f(v + )) a level set / _1 (c) is a support of a simple 
continuous curve ( c : I — > 7J 2 , moreover Cc(0) G 71, Cc(l) £ 73 an d Cc(0 £ Int 
for t G (0,1). 

Let c = {f(v-) + f(v + ))/2. It is straightforward that a set / _1 (c ) divides 
disk D 2 into two parts, one of which contains the point i>_, the other contains 
■u+. We denote closures of connected components of D 2 \ / -1 (co) by _D_ and 7} + 
respectively. Each of these sets is homeomorphic to closed disk and correlations 
D_ = {z G D 2 I f(z) < c }, D + = {z e D 2 \ f{z) > c }, G £>_, ^ + G D + , 
D_f]D + = f-\co) are fulfilled. 

The set / _1 (co) is the support of a simple continuous curve ( : I — > 7) 2 (see 
above). For every t G (0, 1) a point ((t) is a regular point of /, therefore through 
this point passes a 77-trajectory and it is divided by the point ((t) into two arcs, 
one of which is contained in 7J_, the other belongs to D + . Consequently, in each 
of the sets _D_ and D + through the point passes a [/-trajectory, so we can 
take advantage of Corollary 13.21 and by means of a straightforward verification we 
establish validity of the following claims: 

2 

• there exists such a homeomorphism 77 : D_ — > D + that H o = 
(2t- 1,0), t E I and 

/ o Hz\x, y) = (l- y)c + yf(vJ) = 
(l-y)(f(v-) + f(v + )) | , ) (l + y)/fo-) | (l-y)f(v + ) _ 



— 2 

' there exists a homeomorphism H + : D + — > 79 + which complies with the 
equalities H + o((t) = (2t - 1,0), t G 7 and 

f it-i/ wi ^ a. ^ (l-y)/(^-) , (1+yXfK) 
/ 77+ (ar, ?/) = (!- y)c + yf(v+) = + . 



23 

Let us consider a set D_ = {(x, y) G D 2 \ y < 0} and a homeomorphism Inv : 

2 2 - 2 

D + — > D_, Inv(x,y) = (x,—y). A mapping H_ = Inv o H : D- — > .D_ is 
obviously a homeomorphism and is compliant with the equalities H- o ((i) = 
(2t- 1,0), t G I and 

fo^- 1 ^ v) = + | (i-(-y))/M = (i-y)f(v-) (i + y)f(v+) 

J - \ ,V) 2 2 2 2 

From the above it easily follows that a mapping Hf : D 2 — ► D 2 , 

H-{x,y), if(x,y)eD-, 
H + (x,y), if(x,y)eD + , 

is a homeomorphism and satisfies the hypothesis of Corollary. □ 



H f (x,y) 



Let us summarize claims proved in this subsection. 

Taking into account Lemma [1.21 we can give the following definition. 

Definition 3.1. Let f be a weakly regular function on the disk D, let 71, ... ,74 

be arcs from Definition // through every point of a set V which is dense in 
72 U 74 passes a U -trajectory, then the function f is called regular on D. 

Theorem 3.3. Let f be a regular function on the disk D, let 71, ... ,74 be arcs 

from DefinitionlTE Let D' = I 2 if 72 ^ and 74 ^ 0; D' = D 2 if 72 U 74 = 0; 
2 

D = D + if exactly one from the sets 72 or 74 is empty. 

Let (f) : Ft D — > Ft D' be a homeomorphism such that <f>(K) = K' , where 

K = f- l (mm(f(z)) U max(/( 2 ))) , 
K' = \ (x,y) e D'\y E { min (y), max (y)}\ . 

I (x,y)£D' (x,y)eD' J 

Then there exists a homeomorphism Hf of D onto D' such that Hf\x = 4> an d 
f o Hj 1 ^, y) = ay + b, (x, y) G D' for certain o,6eR, fl^O. 

Theorem 3.4. Let f and g be regular functions on a closed 2-disk D. 

Every homeomorphism <^ : dD — > dD of the frontier dD of D which complies 
with the equality g o {p = f can be extended to a homeomorphism if : D — > D 
which satisfies the equality g o ip — f. 

Proof. This statement is a straightforward corollary from Theorem 13.31 □ 

Remark 3.1. Everything said here about ^-length of a curve and about Frechet 
distance between curves remains true for continuous curves in every separable 
metric space (see [6]). In particular, proof of Lemma \2.3\ is literally transferred to 
that case. 



Remark 3.2. In order to prove Theorem VS.l\ we used techniques analogous to the 
one of [4J. 
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